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Electromagnetic Waves
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. . . almost.
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Dressed Photons
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High Intensity
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High Intensity

Photon-excited electron collision
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Sum Frequency Generation
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Multiplication Table

× 0 1
0 0 0
1 0 1

×
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Wave Multiplication: DFG/SFG

ω1

ω2 = 1.1ω1

=⇒ ω3 = 0.1ω1 = ω2 − ω1

ω1

×ω2

=

= (ω1 − ω2)

+(ω1 + ω2)
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Second Harmonic Generation

h̄ω

h̄ω
2h̄ω

h̄ω

h̄ω

2h̄ω

~P (~2ω) ∝ ~E(ω) ~E(ω)

Erice., 20-26/VII/04 – p.8



SHG and Symmetry

~P (2) = χ(2) ~E ~E

After an inversion

−~P (2) = χ
(2)
I (− ~E)(− ~E)

Centrosymmetry⇒

χ
(2)
I = χ(2)

=⇒ ~P (2) = 0, χ(2) = 0
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Centrosymmetry and Parity

|0〉

|1〉

|2〉

|0〉 even ⇒ |1〉 odd
⇒ |2〉 even ⇒ |0〉 odd (!)
⇒ |1〉 even ⇒ |2〉 odd
⇒ |0〉 even (!!) ⇒ . . .

Ĥint = −p̂ · ~E.

χ(2) ∝ 〈0|p̂|2〉〈2|p̂|1〉〈1|p̂|0〉 = 0.

The second order dipolar susceptibility is null.
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Centrosymmetry and Surfaces

6=

Surfaces are not centrosymmetric!
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SHG and Surfaces

Dipolar SHG P
(2)
i = χijkEjEk comes from the surface.

There might be SHG from bulk. . .
but it is multipolar

P
(2)
i = χijklEj∂kEl.
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Optical Observation of Surfaces
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Adsorbates
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Efficiency

• E =
p

r3
→ p

λ2r

• P ≈ E2

e/a2
B

• p ≈ Ph2s ≈ E2

e/a2
B

λraB

• E ≈ a3
B

λe
E2

• I ≈ cE2 = RI2 ≈ Rc2E4

• R ≈
(aB

λ

)2 aB

e2

aB

c
a2

B ≈
10−24cm2/W
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Size of a photon

•
A

L=cT

• I ≈ N~ω/AT

• I ≈ 2N~ω/AT

• N =
Ω

V
N(N − 1)

• V = AcT

• Ω =
N

N2
V ∼ ~cωR

• Ω =
~c

e2

(aB

λ

)3
a3

B

≈ 10−7a3
B
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Bulk efficiency

• Pi = χijklEj∂kEl

• χijkl ∼ χijkaB ∼ a3
B/e

• Polarization at bulk is aB/λ smaller than at surface,
• but bulk is wider.
• Radiating region is λ/aB times larger.
• Bulk SH is comparable to surface SH.
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Example: Ti:S laser

Pulse duration: τ = 200fs
Pulse energy: E = 0.3µJ
Focus size: w = 10µm
Repetition rate: f = 250kHz

Fundamental intensity:

I ≈ 0.3µJ
200fs× 10µm2

≈ 1013 W

cm2

SH intensity:

I = RI2 ≈ 102 W

cm2

Energy por pulse:

E ≈ Iw2τ ≈ 10−24J

≈ 10−5SH photons/pulse
≈ 3 photons/s
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Calculation of χijk

• Single molecule, interaction picture: ĤI(t) = −p̂i(t)Ei(t).

• Density matrix: i~∂ρ̂(t)/∂t = [ĤI(t), ρ̂(t)]

• Perturbation theory: i~∂ρ̂(n+1)(t)/∂t = [ĤI(t), ρ̂(n)(t)]

• First order:

ρ̂(1)(t′) =
i

~

∫ t′

−∞
dt′′[p̂k(t

′′), ρ̂(0)]Ek(t
′′)

• Second order:

ρ̂(2)(t) =
i

~

∫ t

−∞
dt′[p̂j(t

′), ρ̂(1)(t′)]Ej(t
′)
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χijk (cont.)

• Induced dipole: pi(t) = 〈p̂i(t)〉 = tr(p̂i(t)ρ̂(t))

• Second order: p
(2)
i (t) = tr(p̂i(t)ρ̂

(2)(t))

• All together:

p
(2)
i (t) = − 1

~2

∫ t

−∞
dt′
∫ t′

−∞
dt′′ tr

(

p̂i(t)

×[p̂j(t
′), [p̂k(t

′′), ρ̂(0)]]
)

Ej(t
′)Ek(t

′′)

• Susceptibility (time domain):

p
(2)
i (t) =

∫

dt′
∫

dt′′ αijk(t, t
′, t′′)Ej(t

′)Ek(t
′′)
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χijk (cont.)

αijk(t, t
′, t′′) = − 1

~2
tr
(

p̂i(t)[p̂j(t
′), [p̂k(t

′′), ρ̂(0)]]
)

= − 1

~2
tr
(

[[p̂i(t), p̂j(t
′)], p̂k(t

′′)]ρ̂(0)
)

αijk(t, t
′, t′′) = − 1

~2

〈

[[p̂i(t), p̂j(t
′)], p̂k(t

′′)]
〉

0

plus causality (zero unless t > t′ > t′′).
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Frequency domain

• Introduce 1̂ = |µ〉〈µ|, project 〈µ|p̂l(t)|ν〉 = pµν
l eiωµνt,

• act on monochromatic field El(t) = Ele
−iωt,

• and obtain SH dipole
p
(2)
i (t) = p

(2)
i e−2iωt = αijk(2ω)EjEke

−2iωt,

p
(2)
i (t) =

1

~2
p0µ

i pµν
j pν0

k

×
∫ t

−∞
dt′
∫ t′

−∞
dt′′ eiω0µtei(ωµν−ω)t′ei(ων0−ω)t′′ − . . .

• Identify

αijk = − 1

~2

p0µ
i pµν

j pν0
k

(ωµ0 − 2ω)(ων0 − ω)
± permutations
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Surface susceptibility

• ~P
(2)
s = ns~p

(2)

• χijk = nsαijk

• 27 ω dependent quantities, resonant whenever ~ω =
transition energy or a subharmonic
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Bulk susceptibility

• Similar, but using HI = −p̂lEl − m̂lBl − (1/6)Q̂kl∂kEl

• One transition |0〉 → |µ〉 → |ν〉 → |0〉 should be multipolarly
driven, i.e., by m̂l or Q̂kl, due to parity.

• As ~B ∝ ∇×E, both m̂l and Q̂kl couple to ∂kEl (spatial
dispersion (light))

•

P
(2)
i = np

(2)
i − (1/6)∂jnQ

(2)
ij

= χijklEj∂kEl

•

χijkl = − 1

6~2

p0µ
i pµν

j Qν0
kl

(ωµ0 − 2ω)(ων0 − ω)
± . . .
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Surface Symmetry

χijk = χikj = Sii′Sjj′Skk′χi′j′k′

⇒ only some independent non-null components of χijk.
With n̂⊥‖ẑ:

Symmetry χijk non-null components

1 xxx, xxy, xyy, yxx, yxy, yyy, xxz, xyz, yxz, yyz, zxx, zxy,
zyy, xzz, yzz, zxz, zyz, zzz

1m (⊥ y) xxx, xyy, xzz, xzx, yzy, yxy, zxx, zyy, zxz, zzz

2 xzx, xyz, yxz, yzy, zxx, zyy, zxy, zzz

2mm xzx, yzy, zxx, zyy, zzz

3 xxx = −xyy = −yyx, yyy = −yxx = −xyx, yzy = xzx,
zxx = zyy

3m (⊥ y) xxx = −xyy = −yxy, xzx = yzy, zxx = zyy, zzz

4, 6, ∞ xxz = yyz, zxx = zyy, xyz = −yxz, zzz

4mm, 6mm, ∞m xxz = yyz, zxx = zyy, zzz

J. F. McGilp,J. Phys. D: Appl. Phys. 29, 1812 (1999).
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Example: Si(111) p← s

Sipe et al., PRB 35, 1129 (1987)
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Surface Symmetry: Isotropic surface.

↔
R θ =







1− δθ2/2 −δθ 0

δθ 1− δθ2/2 0

0 0 1






,

Ix =







−1 0 0

0 1 0

0 0 1






,

Iy =







1 0 0

0 −1 0

0 0 1






.
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Isotropic surface (cont.)

χijk = Sii′Sjj′Skk′χi′j′k′

• Any: χzzz =any
• Ix: χzzx → −χzzx,
⇒ χzzx = χzzy = χzxz = χzyz = χxzz = χyzz = 0.

• Ix or Iy: χzxy → −χzxy

⇒ χxyz = χyzx = χzxy = χxzy = χzyx = χyxz = 0.

• Rθ: χzxx → (1− δθ2)χzxx + δθ2χzyy

χzxx = χzyy =any

• Rθ: χxzx = (1− δθ2)χxzx + δθ2χyzy

χxzx = χyzy =any
• Three independent components: χ⊥⊥⊥, χ‖⊥‖, and χ⊥‖‖.
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Nonlinear Surface Response: a

E⊥

δn

P⊥ d

χ⊥⊥⊥ ∝ a ∝ ∆d
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Nonlinear Surface Response: b

E⊥

E‖

δn

P⊥

P‖

d

l

χ⊥‖‖ ∝ b ∝ l
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Nonlinear Surface Response: f

E‖

P‖
P⊥

χ⊥‖‖ ∝ f
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Continuum dipolium model

Harmonic oscillator

~E(~r) = ~E(0)

+~r · ∇ ~E(0) + . . .

m~̈r = −e ~E(0, t)−mω2
0~r −

m

τ
~̇r

−e~r · ∇ ~E(0, t)− e

c
~̇r × ~B(~0, t)

⇒ parametric oscillator if field ~E 6=homogeneous.

Bernardo S. Mendoza y W. Luis Mochán, Phys. Rev. B 53, 4999 (1996)
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Response of a single molecule

~p(1) = α(ω) ~E(0, 1)

α(ω) =
e2/m

ω2
0 − ω2 − iω/τ

~p(2) = − 1

2e
α(ω)α(2ω)[∇E2 − 4 ~E × (∇× ~E)]

↔
Q (2) = −3

e
α(ω)2 ~Ei

~Ej
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Macroscopic Response

z

n

~P (2) = n~p(2) − 1

6
∇ · n

↔
Q (2)

~P (2)
s =

∫

dz ~P (2)

E

z

P

z

Strong polarization ∝ 1/aB within thin ∼ aB surface region, weak

bulk polarization ∝ 1/λ
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Surface polarization

~P (2) = nα(2ω) ~E(2) − n

2e
α(ω)α(2ω)∇E2 +

1

2e
α2(ω)∇ · (n~E ~E),

P (2)
z (z) = n(z)α(2ω)E(2)

z (z)− n(z)

2e
α(ω)α(2ω)

∂

∂z
E2

z (z)

+
1

2e
α2(ω)

∂

∂z

(

n(z)E2
ω,z(z)

)

,

E
(2)
z (z) ≈ −4πP

(2)
z (z), Ez(z) = Dz/ε(ω, z), ε(z) ≈ 1 + 4πn(z)α
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Surface polarization (cont.)

P (2)
z (z) =

1

2eε(2ω, z)

[

−α(ω)α(2ω)n(z)
∂

∂z

1

ε2(ω, z)

+α2(ω)
∂

∂z

n(z)

ε2(ω, z)

]

D2
z .

P
(2)
z (z) depends on z through n(z) and ∂n(z)/∂z and is (almost)

null within bulk
Surface polarization:

~P (2)
s ≡

∫ ∞

−∞
dz ~P (2)(z).
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Surface susceptibility (cont.)

Trick:
∫

dz f(n(z))∂g(n(z))/∂z =
∫

dn f(n)∂g(n)/∂n

Integrate: P
(2)
s,z = χzzzD

2
z ,

Identify:

χs
zzz(ω) =

α2(ω)

8πe

α(2ω) log(εB(ω)/εB(2ω))

(α(ω)− α(2ω))2

+
α(ω)

8πe

εB(ω)− 1

εB(ω)

(

1

εB(ω)
+

α(2ω)

α(2ω)− α(ω)

)

,

independent of the density profile n(z)!
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a

a(ω) ≡ −64π2nBe

(

εB(ω)

εB(ω)− 1

)2

χs
zzz(ω).

a(ω) = 2 ([εB(2ω)− εB(ω)][2εB(ω)− εB(2ω)− εB(ω)εB(2ω)]

+[εB(ω)]2[1− εB(2ω)] log[εB(ω)/εB(2ω)]
)

/ [εB(2ω)− εB(ω)]2.

a depends only on the bulk dielectric functions εB(ω) and
εB(2ω), analytically.

Approximate expression for arbitrary εB (?). Accounts for strong

field variation at surfaces. Ignores surface states, surface modi-

fied polarizability, surface local field corrections . . .
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b, f

~P
(2)
‖

(z) =
1

2e
α2(ω)

∂

∂z
n(z) ~E‖Ez(z),

Integrate: ~P
(2)
s,‖

= 2χ‖‖z
~E‖Dz,

Identify:

χ‖‖z(ω) = χ‖z‖(ω) =
1

4e

nBα2(ω)

εB(ω)
.

Parametrize:

b(ω) ≡ −64π2nBe
εB(ω)

(εB(ω)− 1)2
χs
‖‖z(ω) = −1
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Bulk response: d

~P (2) = −nB

e
α(ω)α(2ω)

(

2 ~E · ∇ ~E − 1

2
∇E2

)

− nB

2e
α2(ω)∇ · ( ~E ~E).

Plane wave: ∇ perpendicular to ~E. Then,

P (2) ≡ 1

32π2ne
(εB(ω)− 1)(εB(2ω)− 1)d(ω)∇E2

where: d = 1.
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a for Harmonic Dipolium
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Efficiency

Solve linear problem (t(ω))

Obtain surface polarization
Get SH boundary conditions:
Hy(−) = Hy(+)− 8πiω/cPsx

Ex(−) = Ex(+) + 8πiQPsz

Introduce surface impedance:
Zp(2ω) = Ex(+)/Hy(+)

= k(2ω)c/2ωεB(2ω)
Zv

p = −Ex(−)/Hy(−) = qc/ω

Solve for Hy(−) and surface ra-
diated SH

x

z
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Efficiency (cont)

Obtain bulk polarization

Solve wave equation:
∇2 ~E −

(

2ω
c

)2
εB(2ω) ~E

= 4π
(

2ω
c

)2 ~P (2)e2i(Qx+k(ω)z)

Match fields to bulk radiated SH
Add bulk and surface contribu-
tions

x

z

2k(ω)

2Q
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Efficiency (cont.)

RpP =
2π3ω2

(nBe)2c3
|rpP |2,

rpP =
Q

q

(

εB(ω)− 1

4π

)2 t(2ω)t2(ω)

εB(2ω)εB(ω)

×
(

εB(2ω)

εB(ω)

(

Q(ω)c

ω

)2

a(ω)− k(ω)k(2ω)c2

ω2εB(ω)
b(ω)

+2
εB(2ω)− 1

εB(ω)− 1
d(ω)

)

.
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Example: Si
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Further work

• Surface crystalline structure: Polarizable bonds
• Metals
• Adsorbates
• Chiral films
• Magnetic systems
• SFG/DFG
• . . .

Erice., 20-26/VII/04 – p.46



Buried interfaces: nanoparticles

Flash memories Observe interfaces with SHG

Erice., 20-26/VII/04 – p.47



Experiment
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 Y. Jiang, P. T. Wilson, M. C. Downer, C. W.

White, and S. P. Withrow, Appl. Phys. Lett.

78, 766 (2001).

• Signal comes from
nanospheres.

• Interface sensitive
(annealed in Ar vs. Ar/H2).

• Forward SHG.
• Edge vs. bulk.
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Single sphere SHG

~E

χ‖⊥‖ ∝ b

χ⊥‖‖ ∝ f

χ⊥⊥⊥ ∝ a

χ‖⊥‖ ∝ b

χ⊥‖‖ ∝ f

χ⊥⊥⊥ ∝ a

χ‖⊥‖ ∝ b

χ⊥‖‖ ∝ f

χ⊥⊥⊥ ∝ a

χ‖⊥‖ ∝ b

χ⊥‖‖ ∝ f

χ⊥⊥⊥ ∝ a

χ‖⊥‖ ∝ b

χ⊥‖‖ ∝ f

χ⊥⊥⊥ ∝ a • Centrosymmetry is locally
lost. . .

• but globally recovered.
• Total dipole is null. . .
• unless field is

inhomogeneous.
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Dipolar vs. quadrupolar radiation

0k1l = 2 . . .

large l . . .

. . . large l
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SHG efficiency for nanosphere over substrate

s→ p polarization p→ p polarization

Erice., 20-26/VII/04 – p.51



Spectral features: p in, θ = π/4

Erice., 20-26/VII/04 – p.52



Comparison

No forward radiation and
wide distribution
vs.
Narrow distribution along
forward direction!
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SHG from composite film

ω

2ω

l

2w0

~E
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Theory

~Pnl = ns~p
(2) − 1

6
∇·

↔
Q (2)

= Γ∇E2 + ∆′ ~E · ∇ ~E

Γ =
nb

18
(9γm + γq − 3γ̃q)

∆′ ≡ nb(γ
e − γm − γq/6),

=⇒ ~j(2)

=⇒ ~A(2)

=⇒ ~E(2), ~B(2)

=⇒ ~S(2)

=⇒ dE
dΩ

=
1

P2

dI(2)

dΩ
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Angular distribution

(θ/θ1) sin ϕ

1
0

-1
(θ/θ1) cos ϕ 10-1
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Experiment

Single wavelength SHG scan across boundary

between nc-Si implanted glass & unimplanted glass
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Efficiency

E = 10−2ζ(qaB)4(ql)2f2
b θ4

1

1

e2/aB

1

c/aB

≈ 10−4ζ(qaB)4(ql)2f2
b θ4

1 W−1

≈ 10−24W−1.

• As P ∝ ~E∇ ~E ∼ E2/w0, efficiency is proportional to
incoming intensity, not power!

• Larger input power might actually yield less output power!
• Solution: Enhance transverse gradients with two beam

SHG.
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Conclusions

• Three wave mixing yields surface-sensitive optical
spectroscopies.

• The bulk contribution is strongly suppressed (but not
eliminated. . . ) in centrosymmetric systems.

• Efficiency is small.
• Crystalline symmetry along surface is manifested by

angular distribution of SHG radiation.
• Spectral dependence displays resonances at excitation

energies and their subharmonics.
• The continuous dipolium model accounts (only. . . ) for the

strong surface field gradient.It produces simple analytical
expressions for SHG in terms of the bulk linear response. It
may be generalized. . .
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Conclusions (cont.)

• The surface of isolated nanoparticles, deposited at surfaces
and buried within composites may be observed with SHG.

• Quadrupolar and dipolar contributions may be comparable,
giving rise to complex radiation patterns.

• There is no forward radiation, but there is nearly forward
radiation from composites.

• Output power cannot be boosted simply by increasing input
power.

• SHG may be enhanced orders of magnitude in two-beam
geometry.

Erice., 20-26/VII/04 – p.60
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