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Electromagnetic torque

~E

~B

~j

~F

~j × ~B −→ ~F
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Electromagnetic torque

∆~B

∆~F

∆~F
∇ ·~j 6= 0, ∇‖ · ~B‖ 6= 0.

ρ 6= 0 close to edge; ∆ ~B along ~k so that ∇ · ~B = 0.
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Electromagnetic torque

~j×∆ ~B produces a torque on anisotropic media. ∆B,∆F ∝ 1/R,

τ ∝ R∆F independent of width.
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Torque in a cavity

Casimir Torque, Luis Mochán, http://em.fis.unam.mx, QFEXT’05, 5-9/IX/05– p.3



Energy

• ∇2 ~A+ εa(ω)
ω2

c2
~A = 0 + B.C.⇒ normal modes ωk.

• U =
∑

(nk + 1/2)~ωk

• τ = − ∂

∂α
U

α

Casimir Torque, Luis Mochán, http://em.fis.unam.mx, QFEXT’05, 5-9/IX/05– p.4



Energy

• ∇2 ~A+ εa(ω)
ω2

c2
~A = 0 + B.C.⇒ normal modes ωk.

• U =
∑

(nk + 1/2)~ωk

• τ = − ∂

∂α
U

α

Casimir Torque, Luis Mochán, http://em.fis.unam.mx, QFEXT’05, 5-9/IX/05– p.4



Energy

• ∇2 ~A+ εa(ω)
ω2

c2
~A = 0 + B.C.⇒ normal modes ωk.

• U =
∑

(nk + 1/2)~ωk

• τ = − ∂

∂α
U

α

Casimir Torque, Luis Mochán, http://em.fis.unam.mx, QFEXT’05, 5-9/IX/05– p.4



Problems

• Dissipation, εa = ε′a + iε′′a.

• ⇒ Finite lifetime, ωk = ω′
k + iω′′

k .
• Fluctuating sources, ~, 〈~ 〉 = 0, 〈~~ 〉 6= 0, related to σ, ε.
• Usual assumptions: local, homogeneous, isotropic system,

sharp boundaries. . .
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Alternative setup

• Real system:

rαβ
2

x

z

1 V 2

z1 z2

L

• Exact surface impedance tensor n̂× (n̂× ~E2) = Z2 · n̂× ~H2

• ⇒ Coherent reflection amplitude rαβ2 .

• Detailed balance: Incoherent emission ∝ 1− |r2|2.
• Within the cavity, everything depends exclusively on Za, ra!
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Fictitious system

II = V ′I III
rαβ

2 tαβ
2

z0 z1 z2 z3

LIILI LIII

• Chose rαβa identical to those of the real system,

• tαβa such that energy is conserved: no absorption, no
degrees of freedom beyond e.m.!

• Appropriate BC at z0, z3 to quantize and count normal
modes. . . .

• LII ¿ LI , LIII →∞.
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Mechanical properties of the e.m. field

Identical within fictitious cavity V ′ to those within the real cavity
V.

• Energy density: u = (E2 +B2)/8π

• Energy flux: ~S = c
4π
~E ×B

• Momemtum flux: −T = 1
4π

[

~E ~E + ~B ~B − 1
2(E

2 +B2)1
]

• Angular momentum flux: −M = −~r ×T

• ~τ =
∫

M · d~a
V
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Advantages

⇒ expressions in terms of exact surface impedances or, equiva-

lently, reflection amplitudes. Dissipationless, homogeneous, iso-

tropic, local, sharp media may be treated on the same footing

as dissipative, inhomogeneous (layered, superlattice, photonic

structures,. . . ), anisotropic, chiral, spatially dispersive, smooth

media.
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Wide finite beam: 1D

~E = E>ê>e
i(qz−ωt) + E<ê<e

−i(qz+ωt)

− ê> · ∇E>

iq
ẑei(qz−ωt) +

ê< · ∇E<

iq
ẑe−i(qz+ωt)

~B = B>b̂>e
i(qz−ωt) +B<b̂<e

−i(qz+ωt)

− b̂> · ∇B>

iq
ẑei(qz−ωt) +

b̂< · ∇B<

iq
ẑe−i(qz+ωt)

τz =
1

8π
Re
∫

da[(~r × ~E∗)zEz + (~r × ~B∗)zBz]
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ẑe−i(qz+ωt)

τz =
1

8π
Re
∫

da[(~r × ~E∗)zEz + (~r × ~B∗)zBz]

Casimir Torque, Luis Mochán, http://em.fis.unam.mx, QFEXT’05, 5-9/IX/05– p.10



Wide finite beam: 1D

~E = E>ê>e
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after some manipulation. . .

τz =
1

8πq
Im
∫

da ~E · ~B∗ → A

8πq
Im ~E · ~B∗ = − 1

8πq2
Re( ~E× ∂

∂z
~E∗)· ẑ

Interpretation:

~E = (E>+ê+ + E>−ê−)e
i(qz−ωt)

+(E<+ê+ + E<−ê−)e
−i(qz+ωt)

τz
A
= c

1

ω

1

8π

(

|E>+|2 − |E>−|2 − |E<+|2 + |E<−|2
)

,

consistent with E = ~ω, Lz = ±~, speed=±c.
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One mode

• ~E = E0~φ(z)e−iωt

• ~φ(z) = (αrλe
iqz + βrλe

−iqz)êλ within region r =I, II, III.

II = V ′I III

z0 z1 z2 z3

LIILI LIII

• Energy U = A
8π [LI(|αI |2+ |βI |2)+LIII(|αIII |2+ βIII |2)]|E0|2

• and normalization
1 = A

8π [LI(|αI |2 + |βI |2) + LIII(|αIII |2 + βIII |2)]
• dominated by large fictitious regions I and III,

• U = A
8π |E0|2, yielding |E0|2 = 8πfω~ω/A, with

fω = coth(β~ω/2)/2 (poor man’s 2nd quantization).
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Contribution to torque

τz =
~c

2q
fω[φx∂zφ

∗
y − φy∂zφ

∗
x + (∂zφy)φ

∗
x − (∂zφx)φ∗y].
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Sum over fictitious modes

τz =
~c

2

∑

n

fwn

qn

×[φnx∂zφ∗ny − φny∂zφ
∗
nx + (∂zφny)φ

∗
nx − (∂zφnx)φ∗ny].

τz = ~c

∫

dqfqc
∑

n

δ(q2 − q2
n)

×[φnx∂zφ∗ny − φny∂zφ
∗
nx + (∂zφny)φ

∗
nx − (∂zφnx)φ∗ny].

Introduce Green’s function

Gµν(q
2; z, z′) =

∑

n

φnµ(z)φnν(z
′)/(q2 + iη − q2

n)
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Torque vs. Green’s function

τz =
~c

π

∫ ∞

0
dq fqc(∂z′ − ∂z)[Axy(z, z

′)−Ayx(z, z
′)]z=z′

Aµν(z, z
′) = [Gµν(z, z

′)−Gνµ(z
′, z)]/2i = anti-Hermitean part of

the Green’s function of the fictitious system evaluated within the

real cavity.
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Calculation of G

G⇐ solution of Helmholtz equation within cavity

(∂2
z + q2 + iη)Gµν(z, z

′) = δ(z − z′)δµν ,

+ singular source + boundary conditions,

G(z, z′) = u(z)[u′(z′)− v
′(z′)v−1(z′)u(z′)]−1θ(z − z′)

−v(z)[v′(z′)− u
′(z′)u−1(z′)v(z′)]−1θ(z′ − z),

where

u = (~u1, ~u2) =

(

ux1 ux2

uy1 uy2

)

, v = (~v1, ~v2) =

(

vx1 vx2

vy1 vy2

)

are 2+2 homogeneous solutions obeying BC to the right and left.

(Similar to u(z>)v(z<)/W ).
Casimir Torque, Luis Mochán, http://em.fis.unam.mx, QFEXT’05, 5-9/IX/05– p.16



Example: Uniaxial or orthorhombic system

0 L

u0(z) =

(

1 0

0 1

)

eiq(z−L) +

(

r2x 0

0 r2y

)

e−iq(z−L),

v0(z) =

(

1 0

0 1

)

e−iqz +

(

r1x 0

0 r1y

)

eiqz,

Rotate:

α

u(z) = R(α/2) · u(z), v(z) = R(α/2) · v(z).

Substitute, . . .
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T=0, 1D

τz = −
~c

2π

∫ ∞

0
dκ

∆r1∆r2 sin 2α e
−2κL

∆r1∆r2 sin
2 αe−2κL

+(1− r1xr2xe
−2κL)(1− r1yr2ye

−2κL)

,

q = iκ, ∆ra = rax − ray.
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Ideal system

Ideal mirror covered by ideal polarizer: r1x = r2x = 1,
r1y = r2y = 0,

τz = −
~c sin 2α

2π

∫ ∞

0

dκ

e2κL − cos2(α) =
~c

2πL
tanα log sin2 α.

0.20.10-0.1-0.2

0.1
0.05

0
-0.05
-0.1

angle α

to
rq

ue
(L
/~
c)
τ z

π3π/4π/2π/40−π/4−π/2−3π/4−π

0.15

0.1

0.05

0

-0.05

-0.1

-0.15

• τ ≈ 0.1~c/L
At 10nm, 3× 10−19Nm

• τ3D ∼ τ1DA/L
2

• Asymmetry.
• Singularity.
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Lossy mirrors

r1x = r2x = r and r1y = r2y = 0.

τz =
~cr2 sin 4θ

2π

∫ ∞

0
dκ

1

r2(cos2 2θ)− e2κL
=

~c tanα

2πL
log(1−r2 cos2 α),

0.20.10-0.1-0.2

0.1
0.05

0
-0.05
-0.1

angle α

to
rq

ue
(L
/
~
c)
τ z

π3π/4π/2π/40−π/4−π/2−3π/4−π

0.15

0.1

0.05

0

-0.05

-0.1

-0.15
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Dicroic mirrors

εi(ω) = 1 +
ω2
ip

ω2
i − ω2 − iωτi

,

distance (ωp/c)L

to
rq

ue
−
τ z
/(

~
ω
p
)

1001010.10.01

0.001

1e-04

1e-05

1e-06

ωx = ωp, ωy =
√
2ωp, α = π/4.
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L = 0

τz(0) = −
~c

2π

∫ ∞

0
dκ

∆r1∆r2 sin 2α

∆r1∆r2 sin2 α+ (1− r1
xr

2
x)(1− r1

yr
2
y)
,

Resonance ωy/ωp

To
rq

ue
−
τ z
(0
)/

~
ω
p

1001010.10.01

0.1

0.01

0.001

1e-04

1e-05

1e-06

ωx = ωp, α = π/4, L = 0
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Dissimilar mirrors

Resonance frequency ω1y/ωp

To
rq

ue
τ
/~
ω
p

32.521.510.5

0.001

0

-0.001

-0.002

-0.003

-0.004

-0.005

-0.006

-0.007

ωx = ωp, ω1y = 2ω2y, α = π/4, L = 0
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Sign vs. L

ω2
2py = 0.65

ω2
2py = 0.58

ω2
2py = 0.51

Distance (ω1p/c)L

To
rq

ue
τ z
/~
ω

1 p

54.543.532.521.510.50

1e-04

5e-05

0

-5e-05

-0.0001

-0.00015

-0.0002

ω1x = ω2x = ωp, ω1y =
√
2ωp, ω2y = ωp/

√
2, ω1px = ω1py = ω2px =

ωp, α = π/4.
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Sign vs. strength

Strength ω2
2py/ω

2
1p

To
rq

ue
τ z
/~
ω

1
p

0.640.620.60.580.560.540.520.5

0.0001

5e-05

0

-5e-05

-0.0001

ω1x = ω2x = ω1p, ω1y =
√
2ω1p, ω2y = ωp/

√
2, ω1px = ω1py =

ω2px = ω1p, α = π/4, L = 0.3c/ω1p.
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Conclusions

• Expression for torque between anisotropic surfaces in 1D, in
terms of optical coefficients; they uncouple Casimir
calculations from detailed models of materials.

• Results for anisotropic conductors, insulators, dicroic
systems.

• Simple analytical formulae for ideal systems.
• τ ∝ ~c/L (retarded), ~ωp (nonretarded). A/L2 correction

expected in 3D.
• Sign may be modulated by changing L or by optically

pumping dissimilar materials.
• Generalization to 3D.
• Experiments are on the way (Iannuzzi’s talk).
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